T1Q5 Supplementary Solutions

Tutor: Wu Chengyuan

Note: For D.E. two solutions may look very different, but end up being
the same. So if your answer is different, it doesn’t necessarily mean you
are wrong. Two ways to check your answer are by Graphmatica, and by

differentiating your answer to see if you get back the original question.

1 Qb5a

Let u=14y+2x. Theny=u—1—2z,s0y =u —2.
Substitute these into the question, we get u' — 2 = #
So
duv  —2u+3 2u 3
R — _l_ —

dr uou
Separating variables, we get [udu = [ 3dz.
Integrating, we get “72 =3z +c.
Substitute back u = 1 4+ y + 2z, we get
Answer: (1 +y+22)? =3z +c.

1.1 Alternative Method (see official solution)

Let v = 22 + y instead. You should get
Answer: (22 +y) + 3(2z +y)*> =3z + ¢



2 Q5b

Let u =z + y + 1. Rearrange and differentiate, then ¢’ =« — 1.

. . . d
Substitute the above into the question to get §% — 1 = (;%5)?, thus

du  u® + (u+2)*

dr ~ (u+2)?

/%du:/ldm

/u2+4u+4d n
—  —du=2x+c
2u? 4+ 4u + 4

244 4

u? + 2u + 2

(multiply both sides by 2 to simplify the denominator)

2u+ 2
1+ — —du=2
/ +u2—|—2u+2 Y T

u+Inju®+2u+2=2r+c

vy +l4+n|a? +92+ 1+ 20y +22+2y +22+2y +2+2| =22 +c
(substitute back u = x +y + 1)
Answer: x+y+1+1In|(z+y)*+4z +4y+ 5/ =2z +c.

2.1 Alternative Method (see official solution)

Let v = x + y instead. You should get
Answer: z+y+In|(z +y)? + 4z + 4y + 5| = 2z + c.



3 Qb5c

Make 3/ the subject to get

,_$+y+1

r—y+3 (1)

(At this point, note that letting u =x +y+ 1 or u = x — y + 3 doesn’t
work.)
We need to use this new technique to further simplify the expression.

Key step: Let

=X+«
y=Y +p.

Then

r+y+1=X+Y+(a+5+1)
r—y+3=X-Y+ (a—p+3).

We want to choose appropriate «, § such that

a+pB+1=0
a—F+3=0

Why are we doing this? The reason is to further simplify the expression,
so that the resulting expression is purely an expression in X and Y, without
constants. So that we can divide throughout by X to make the expression a

function of %

Solve the above simultaneous equation to get and | =1|

Proposition 3.1. We prove that

v _dy
dX dz’
3



Proof. SinCGCB:X—Q,SO—x—l Since Y =y — 1, SOd—z—l By chain

rule,
ay dY dy dr — (1) dy (1) = dy
dX ~ dy dr dX dz Cda’

]

Substitute the previous information into our very first expression (}) to
get
Yy X+Y 14(
aX X-Y 1—(
Let V=2X s0Y =XV.
By Product Rule,

)
1

it

dY dv
d—X—V+Xd—X.
1+V dVv
v VT

vV 14V V-VE Vil

X 1-V 1-v 1-Vv

[itwe [ Lax

dxr = tan~! z,

Using the formula [ <

1
tan™' (V) — 5 V241 =In|X|+e

Substitute back V = +2,X:x+2to get
Answer:
1, y—1 1 y—1,
tan — =1 A 1] =1 2 .
an (x—|—2) 5 n((x+2) + nlr+2/+c
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