Laplace Transform

Tutor: Wu Chengyuan

In this document, we list some of the basic
concepts of Laplace Transform, and tips on

when to use each equation.

1 Laplace Transform

1.1 Laplace transform of f

F(s)=L(f) = [; e f(t)dt
Tip: Use this equation when the questions

contains the words “show from the defini-

tion”. E.g. Tutorial 7 Q4(i).

1.2 Inverse transform of F(s)

1.3 Linearity

L(af(t) + by(t)) = aL(f) + bL(g)

L™ (aF(s) 4+ bG(s)) = aL™"(F) + bL™'(g)

2 List of common Laplace

Transforms
L(e) = - ! - (s> a)
L(1) = é (s >0)
L(coswt) = 2 _i 3
L(sin wt) = er
L) =
L(f') = sL(f) — f(0) (s > a)
L(f") = s*L(f) — sf(0) — f'(0)
L(f™) = s"L(f) = s"~' f(0)
=" f(0) = = F7V(0)
L</Otf(7')d7'>:§[/(f) (s >0,s>a)

3 s-shifting

If L(f) = F(s), s > a, then

L(e"f(t)) = F(s — ¢




s—c>a.

Tip: Use this when doing Laplace Trans-
form of a function with an exponential factor
e’. E.g. Tutorial 7 Q1l(a). Note that the re-
verse direction can sometimes be used as well:

L7 F(s —c)] = e f(t).

4 t-shifting

If L(f(t)) = F(s), then

L(f(t = a)u(t — a)) = e F(s)

Tip: Frequently, we use the reverse direc-

tion
L Me ™ F(s)] = f(t — a)u(t — a).

E.g. Tutorial 7 Q2(b).

5 Delta function

d(t): infinitely tall and narrow spike at ¢ = 0.
d(t — a): infinitely tall and narrow spike at
t=a.

L6t —a)] =

5.1 Two properties of delta

function

Amau—ayﬁ:1

for a > 0.
Tip: Use delta function when the key-

words “suddenly”, “burst”, etc. appear. E.g.
Tutorial 8 Q2, Tutorial 7 Q5.

6 Unit step function

0, t<a
u(t —a) =
1, t>a.
For 0 < a < b,
0, t<a
u(t—a)—ut—>b)=<91, a<t<b
0, t>0b.

Tip: Use unit step function for questions
that require a force to “switch on / switch
off” at certain times. E.g. Tutorial 7 Q6.
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